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Abltract-Finite-element analysis of the large deflection bending of annular plates with variable thickness is
presented. The more Bencral Reissncr plate equations as well as von Karman pJate equations arc used in the
formulation. Stresses and deformation results are presented showing tbe effects of radius-to-thickncss ratio
(i.e. shear defomation). noaIincarity and material orthotropy. The finite-elcment solutions arc found to be
in good agreement with available exact and approximate analytical solutions.

INTRODUCTION
Annular plate is employed in machine design as a coupling for power transmission shafts which.
due to bending and thermal expansion. may become misaligned. Such a coupling has no moving
parts and bas a longer life expectancy. Maximum stresses in annular plates can be controlled by
design of the plate thickness profile. Circular plates of non-uniform thickness are also
encountered in the design of diaphragms of steam turbines. piston heads and cylinder heads.
Plates such as the flexible diaphragm coupler have been designed to transmit torque while
sustaining transverse deflections that are several times their minimum thickness. Consequently.
the geometric nonlinearity must be accounted for in the response analysis. Further, the low
ratio of radius-to-thickness (minimum) of the plate requires inclusion of the transverse shear
strain in the analysis. The use of anisotropic and composite materials provides the designer with
an added flexibility of tailoring the material property to a greater advantage. However, inclusion
of the geometric nonlinearity and thickness shear results in the stress analysis of more complex
problems involving anisotropic plates.

For plates made of isotropic materials, there exist design data, based on linear analyses.
both in the case of uniform thickness [1-10} and variable thickness [1 1-25]. Conway's[12} paper
contains design data for axisymmetric bending of annular plates with linearly varying thickness.
Similar data for symmetric and asymmetric (skew) bending of annular plates with a power law
thickness profile is given in a comprehensive paper by Wolff[17}; however, these investigations
were based on the classical (i.e. Kirchoff) plate theory and did not account for the transverse
shear strains. Mindlin and Deresiewicl[2, 3], Lehnhoff et 01. [5, 6] and Bapu Rao and
Kumaran[l1] have studied the influence of transverse shear on the bending of circular plates;
however, the study was limited to uniform thickness plates. Pardoen[9} reported finite-element
results for the axisymmetric bending of uniform thickness circular plates, while Bapu Rao and
Kumaran[ll] presented a finite-element displacement formulation with shear deformation for
axisymmetric bending of uniform thickness annular plates. Finite element bending and free
vibration analyses of variable thickness plates have been performed, without including the
transverse shear strains, by Wilson and Kirkhope[22, 23] and Irie et 01.[24, 25}.

Bending of anisotropic plates of constant thickness under lateral loads and the buckling
analysis under inplane loads have been studied by Carrier[26, 27}. Sherbourne and
Murthy[28. 29} presented analytical results for bending of cylindrically orthropic circular plates
of variable thickness. These studies were based on the classical plate theory and did not
account for shear deformation and large deflections.
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Nonlinear analysis of bending of a wide range of annular plates of uniform thickness was
performed by Hart and Evans [30] for symmetric bending and by Alzheimer and Davis [31] for
unsymmetrical bending. In [30] analytical solutions to the Reissner plate equations as well as
the von Karman plate equations were obtained. Tielking[32, 33] employed the potential energy
formulation of von Karman plate theory and the Ritz method to obtain the stress and
deformation solutions for symmetric as well as unsymmetric bending of variable thickness
annular plates with built-in edges. However, the study did not include the transverse shear
strains. Nonlinear vibrations of circular plates have been investigated by Wah [34], and
Ramachandrar [35].

Despite many approximate, analytical investigations, only a few finite-element analyses of
nonlinear bending and vibration of annular plates are reported in the literature, and all of them
are devoted to vibrations of uniform thickness plates (see [36-39]). With the advent of the
digital computer and the finite element method, variable thickness plates can be analyzed for
arbitrary thickness profiles. The present study was undertaken to exploit the potential of the
finite element method to nonlinear bending and vibration of orthotropic annular plates with
variable thickness.

GOVERNING EQUATIONS AND VARIATIONAL FORMULATIONS
Governing equations

Consider an annular plate of thiclmess I, outside radius b, and internal radius a. The
coordinate system was chosen sucb that the middle plane, R, of the plate coincides with tbe
r - 8 plane, the origin of the coordinate system being at the center of the plate with the z-axis
upward. The thickness I is assumed to be a function of the radius, I = I(r), the form of which
will be given during the discussion of numerical results.

The displacement field in the shear deformable (i.e. Reissner-Mindlin) theory ofaxisym­
metric circular plates is given by,

ur(r, z) = uoCr) +zt{1(r),

u, =0, Uz =w(r),

(I)

where Uo is the in-plane displacement of the midplane, Un u, and Uz are the displacements along
r, 8 and z directions, respectively and t{1 is the shear rotation. For classical (thin) plate theory,
one assumes

dw
t{1=-dr (2)

Indeed, one can construct the shear deformable theory of plates treating eqn (2) as a constraint
and then using the so-called penalty method to include the constraint in the variational
formulation of the classical plate theory. A penalty-formulation and its relation to the dis­
placement type models and mixed models of plates are illustrated in [40,41].

The strain-displacement equations of the large displacement theory (in the von Karman
sense) are given by

oUz 0
Ezz ='8i = , (3)
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The equilibrium equations of the theory (for the axisymmetric case) are given by

d-d;<rN,) +N, =0,

d (dW ) d-- r-;-N --(rQ) =qrdr dr' dr '

d
-d;<rM,) +M, +Qr= 0,

813

(4)

where N, and N, are the stress resultants, M, and M, the stress couples and Qis the transverse
shear resultant,

f
l/2

(N" N,) = (1'" 1',) dz,
-1/2

f
'/2

(M" M,) = (1'" 1',)z dz,
-//2

Q =f1/2 1'n dz.
-//2

(5.)

Here 1'" 1', and 1'n are the in-plane stresses.
Assuming elastic behavior, the constitutive equations of the theory can be expressed in the

form,

1', =C\2f, +C22f"

1'n =2C33frz,

where CiJ are the elastic coefficients.
Substituting eqns (3) and (6) into eqn (5), we obtain

..r [dUo I(dW)2] Uo
J", =All "'d"r+i d'T +Alf"

..r [dUo 1(dW)2] Uo
J", =A I2 -+- - +A22-dr 2 dr r'

dq, !I!.M =DI1-+DI2, dr r'

where the AiJ and Dij are the stiffness coefficients defined by

(6)

(7)

(8)

and An =2ktC33' Note that the stiffness coefficients are functions of the position, T, in a
variable-thickness plate. Here k denotes the shear correction factor.

Variational formulation
The conventional formulation is based on the total potential energy functional expressed in

terms of the generalized displacements, Uo, wand q,. The variational (or weak) form associated
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with eqns (4), expressed in terms of the displacements, is given by

87T=8(U+ V) = 27Tfb {[A (duo+l(dW)2)+A uo](d8uo+dWd,sw)
Q II dr 2 dr 12 r dr dr dr

I[ (dU I(dW
2)2) u]+- All _0+_ - +An..J! 8uo

r dr 2 dr r

(9)

where q is the distributed transverse loading.
One can obtain the formulations associated with the large deflection theory of thin plates

(i.e. not including the shear deformation effects) from eqn (9) by replacing l/I by - (d wldr) (see
eqn (2».

FINITE ELEMENT MODELS
Here we present a finite element model based on the functional in (9). We assume that the

variables uo, wand l/I are interpolated by expressions of the form

Uo =~ ujN;, w=~ w;Nj, l/I =~ l/IjN;, etc., , ~
(10)

where Nj the finite element interpolation functions. Substituting eqn (10) into eqn (9), we obtain

In the case of free vibration, the above equation takes the form,

([K] - pcu2[M]){4} ={OJ,

(11)

(12)

where to isthe natural frequency of vibration. The stiffness coefficients Kf!, and mass coefficients,
M'tt are given by

Mf/ =0 for a':j:. p, Mft =R'ffl, F; =1" qNjr dr,

Sill'" - (" d"'Nj dftN; dRill'" -l"d"'NjdftNj d ( - 0 1 2)
i/ - Jo dr'" drn r, Ii - 0 dr'" dr" r r, m,n - , ,.

(13)

(14)

(15)
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Various other special models can be developed from eqn (9). For example, the conventional
model associated with the thin theory is given by (setting'" =- dw/dr in eqn (9»,

(16)

where

(17)

+D12(S~2 +S~I).

Note that the stiffness coefficients K'il contain the second derivatives of the interpolation
functions N;, and therefore the transverse deflection w must be approximated by cubic poly­
nomials, as in the conventional formulation of thin beams (see e.g. Reddy et al. [42, 43]).

NUMERICAL RESULTS
In this section, we shall present only representative results for circular and annular plates

under various edge conditions and loadings. Numerical results are presented to show relative
accuracy of the various models in comparison to the results of other investigations and exact
solutions (for linear case), and to show the effects of shear deformation and nonlinearity on the
deflections, moment resultants and frequencies.

Static bending analysis results
The plate thickness profile is assumed to be of the form

t(r) = to(i)-k/3 (18)

where to is the plate thickness at the outer edge (r =b) and k is a real number whose value
dictates the form of the profile. For example, the diapbrqm coupler is desiped with a
"hyperbolic" profile which is obtained by setting k =3 in eqn (18).

First, the results of linear analyses are presented. Table 1 shows the nondimensionalized
maximum deflections (w) and maximum stresses (0',) for simply-supported orthotropic annular
plates subjected to uniform pressure loading (P). The finite-element solutions are compared
with the small-deflection, classical plate theory (CPT) (i.e. without shear deformation) results of
Sherbourne and Murthy [28]. As can be seen the finite-element results are in close agreement
with the analytical solution[28]. With increasing ratio of a to b, the plate becomes more flexible
and therefore deflects more (for a fixed radius, b). The finite-element results correspondiq to
the shear deformation theory (SDT) are also listed in the same table. As expected, the
deflections are slightly larger than those obtained by the classical theory. Note that a conver­
ging plate (i.e. tapered down toward the center) with a positive value of k has lower
displacements and stresses compared to a negative value of Ie. It can be seen from the table that
the maximum stress for k =-1 is 6.27 times larger than the maximum stress for k =1, and the
displacement is about 5.2 times larger. Similar results are presented in Table 2 for the same
material-plates with clamped boundary condition and point load (PO> at the center. Figure 1
shows the influence of taper on the surface stress distribution in a clamped annular plate with
hub thickness tIl =0.039 in. (1.0 mm) and radii a =1.0 (25.4 mm), b =2.0 (SO.8 mm). This is the
same problem considered by Tielking[32]. The results are in good agreement, visually, with
those in [32].

Next, the effect of shear deformation on the deflections of simply supported isotropic plate
under uniform loading and clamped isotropic plate under point load are shown, respectively, in
Figs. 2 and 3. The solutions were obtained using 20 elements. Figure 4 shows the effect of
radius-to-thickness ratio on the nondimensionalized maximum deflection of clamped, orthotro­
pic, annular plate under concentrated load at the center. For radius-to-thickness values smaller



Table I. Nondimensionalized delleetions and stresses simply supported, orthotropic, variable­
thicknesst annular plate under uniform loading (EJB. = 0.S62S, 1'.2 = 0.5925, bIt = 10)

1 X 102 II x 102

alb k Ref. (28] Present Ref. (28] Present

CPT SOT CPT SOT

3 &.518 6.518 7.110 38.855 39.037 38••
(.1128)* (.6716)*

1 24.326 24.325 25.057 79.368 79.641 79.618

0.2 (.3628) (.3516)

0 54.348 54.345 55.170 205.40 202.74 199.88
(.2028) ( .2085)

-1 127.88 127.87 128.81 498.00 484.05 471.40
(.2028) ( .2085)

3 5.684 5.684 6.202 36.071 36.166 3&.124
0.3 ( .6874) (.6776)

1 18.226 18.225 18.847 73.245 73.271 73.271
( .3466) ( .3424)

3 4.485 4.485 4.913 32.191 32.215 32.196

0.4 (.6979) (.6937)

1 12.122 12.121 12.620 63.063 62.982 63,062
(.4321 ) ( .4063)

3 3.092 3.092 3.422 27.201 27.223 27.222
0.5 (.7017) (.7053)

1 6.999 6.999 7.374 49.844 49.852 49,842
(.5017) ( .5063)

1 • WD/Pb-. II • g..x t~/PbZ. 0 • Elt:/12(1-vZIV1Z)

* Gauss pofnt

t thickness, t • t
o
(r/b)-k/3 •

Table 2. Nondimensionalized deflections and stresses for clamped, orthotropic, variable-thickness
annular plate under point load (Bz/B. = 0.5625, I' =0.5925, bIt =10)

1 x 102 " x 102
t

alb k Present Present

Ref. (28] CPT SOT Ref. [28] CPT SOT

3 1.538 1.538 2.037 -21.279 -20.899 -18.888
( .9972)* ( .9800)*

1 5.672 5.672 6.444 52.467 51.953 49.373
0.2 (.2028) (.2200)

0 11.501 11.500 12.471 123.54 120.29 107.55
( .2028) (.2200)

-1 22.994 22.990 -- 268.83 255.71 --
( .2028)

3 1.378 1.378 1.815 -20.770 -20.443 -18.681
0.3 (.9976) (.9825)

1 4.067 4.066 4.682 44.169 43.803 42.732
( .3024) ( .3175)

3 1.122 1.121 1.497 -19.713 -19.439 -17.936
(.9979) (.9850)

0.4 1 2.674 2.674 3.16~ 36.245 35.968 34.324
(.4021 ) ( .4150)

0 4.123 4.123 4.689 58.261 57.476 53.417
( .4021) (.4150)

3 1.378 1.378 1.815 -20.770 -20.443 -18.681

0.5
(.9976) ( ,9825)

1 4.067 4,066 4.682 44.169 43.803 41.732
( .3024) (.3175)

1 • wO/PobJ. " • g..x t~/Po' 0 • Elt:/12(I-vzl vlz)

* Gauss pofnt
t see Table 1 for the thickness variation
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Fia- 1. The influence of taper on the surface stress distribution in a clamped annular plate under point load
at the center (a/b • O.S, Material 2).
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Fia. 2. Nondimensionalized deflections obtained by thin and tbick-plate theories for isotropic (11= 1/3)
simply supported, annular plates under uniform loadina (biG - S, blto-10).
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Fig. 3. Comparison of the nondimensionalized deflections obtained by thin-and thick-plate theories for
isotropic (If = 1/3) clamped annular plates under point load at the center (bla = 5. bllo= 10).
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Fig. 4. Effect of radius-to-thickness ratio on the nondimensionalized deflection of clamped orthotropic
annular plates under point load at the center (bla =5).
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than 20, the deflection is sensitive to the inclusion of the transverse shear strains in the analysis.
The results of nonlinear anaiyses are discussed next. The influence of large deflections, Z

(specified), on the surface stress distribution in a clamped plate with hyperbolid taper, fl =- 2
(see [32]) is shown in Fig. 5. The results were obtained using the classical plate thoery. The
solutions arc in close agreement with those presented in [32]. Figure 6 shows the stress (0',)
distribution as a function of r for a simply supported isotropic annular plate under various
intensities of uniform loading (P). The solution was obtained using 10 CPT elements in the half
plate. Finally, Figs. 7 and 8 show the nondimensionalized load-deflection and load-stress curves
for simply supported annular plates under uniform loading, and clamped annular plates under
point load at the center, respectively. Again, the deflections obtained using shear deformation
results are larger than the corresponding results obtained by using the thin plate theory.

Free vibration analysis results
Numerical results are presented for variable thickness circular plates with simply-supported

and clamped boundary conditions. Classical as well as shear deformable theories were used in
the analysis.

First a comparis~m is made of the present finite element results with the exact solution and
with those obtained by Irie et al. [25] using transfer matrix method. The shear deformable
theory was used in both investigatio,ns; however, the large deflection effects were not accounted

III
III
Gl
~....
III

o

-1

-2

-3

-4

-5

t = t (r/b)1lo

2.0 r(;n.)

o

Fig. S. The influence of Iarac dellec:tions on the surface stress distribution in a clamped plate with
hyperbolic taper (ft • - 2).
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Fig. 6. Influence of large deflections on the surface stress distribution in a simply supported isotropic plate
(v = 1/3) with hyperbolic taper ~ '"' - 2).
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Fig. 7. Load-deflection curves for simply supported annular plates under distributed loading (bla =5.
b/la = 10).

for in [25]. The thickness is assumed to vary according to

('- a)'"1=/0 -(/0-/1) b-a ,m>O (19)

where 10 is the thickness of the outer rim and II is the thickness of the inner rim. Table 3 shows
a comparison of nondimensionalized fundamental frequency obtained by various investigators
for free-clamped annular plates of uniform thickness (E,jEI =1, JI =OJ, m =0). Table 4
presents similar results for free-clamped annular plates of linearly varying thickness (m = I).
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Pia. 8. Load-dellection curves for clamped annular plates under point load at the center (hiQ =s. hiIe = 10).

Table 3. Comparison of nondimensionalized fundamental frequcncy (A)* of frec-clamped annular plates of
uniform thicknesst (m - O. Etl~ = I, \I =0.3)

b Rao and Spline Transf,ra Preslnt Exact Prlsad Technfque Matrixi to FEN [2] [to] [24] [25]

5 2.477 2.477 2.543 2.479 2.477
0.3

2 2.150 2.148 2.546 2.148 2.148

5 3.387 3.385 3.151 3.385 3.385
0.5

2 2.809 2.805 3.541 2.805 2.805

• 1 ••lptob~/D; t thfckness II gfven in eqp (19).

Table 4. Comparison of nondimensiOnaIized fuDdamental frequcnc:y (A) of frec-clamped Innular plates of
liDeuIy YUYiaI thictDalt (II -I, EI/~-1.0, \I- 0.3, AlB - 0.1)

SIlIIr defo...bll theory (SOT)

t,/to Vb-O.l Vb-0.2 Vb-O·3 cllssfCll

present ..,.[25] Ref. [25] Ref. [25]
(CPT)

prtHIIt prelent

0.4 2.016 2.053 2.014 2.014 1.955 1.956 2.066
0.6 2.031 2.030 1.981 1.985 1.921 1.921 2.045

0.8 2.038 2.028 1.976 1.977 1.905 1.904 2.046

1.25 2.061 2.059 1.991 1.990 1.899 1.898 2.084

10/6 2.110 2.107 2.021 2.019 1.909 1.906 2.141

t thfckness IS gfven fn eqn (19)
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The finite element results are gratifyingly close to the exact solution andlor the transfer matrix
solution of Irie et al. [25].

In the nonlinear analysis, first a convergence study was conducted using two, four, and six
elements (in half plate) of clamped circular plates. Table 5 shows a comparison of the present
results for the ratio of nonlinear period to linear period (TNJTd with those obtained by Raju
and Rao[38], who employed cubic elements based on the shear deformation theory. As can be
seen from the table numerical convergence is good for all values of the amplitude-to-thickness
ratio (cIt). The present SDT element converges from above while that of Raju and Rao[38]
converges from below. Note that the classical plate theory predicts higher values of the ratio
TNJTL compared to the shear deformable theory.

Next, variable thickness circular plates were analyzed using the classical thin-plate theory.
The thickness t is given by

(20)

where t. is the thickness at the center of the plate, and a is the taper parameter, -1 < a < 1.
For positive values of a the plate is tapered down toward the rim. Table 6 shows the ratio of
the periods (TNJTd for various tapers of isotropic (II =OJ) simply-supported and clamped
plates.

Figure 9 shows the variation of the period ratio (TNJTd with respect to the amplitude-to­
thickness ratio of variable thickness plates. As can be seen from the figure, the period ratio
decreases with increasing cIt for fixed a and "y. Also, for fixed "y and cIt, the perioB decreases
with increasing a. This is expected because the plate becomes thinner (toward the rim) with
increasing a and hence vibrates at higher frequency (or smaller period). Finally, Fig. 10 shows
similar results for free-clamped, variable thickness plates.

SUMMARY AND CONCLUSIONS
Motivated by the importance of the design data for variable-thickness annular plates,

including the effects of shear deformation, large deflections, and material orthotropy, the
present study was undertaken. The study employs the finite element method to solve the more

Table S. Convergence study of the period ratio (TNJTLl for isotropic (v =OJ), uniform thickness clamped
plate

alt cit Present Results (quadratic) Raju and Rao [38](cubic)

2 4 6 2 4 8

0.0 ooסס.1 OOסס.1 OOסס.1 OOסס.1 OOסס.1 ooסס.1

0.2 0.9923 0.9922 0.9921 0.9919 0.9921 0.9921
( .9965)* (.9933)* ( .9927)*

0.4 0.9704 0.9702 0.9702 0.9689 0.9696 0.9699
(.9862) (.9741) (.9721 )

SDT
5.0 0.6 0.9380 0.9374 0.9369 0.9339 0.9360 0.9366

(.9699) (.9449) (.9411 )

0.8 0.81190 0.8980 0.8978 0.8910 0.8954 0.8965
(.9483) ( .11093) (.I03B)

1.0 0.8569 0.8550 0.8551 0.11438 0.8514 0.8533
(.9225) (.8706) (.UU)

0.0 ooסס.1 OOסס.1 OOסס.1 OOסס.1 OOסס.1 OOסס.1

0.2 0.9930 0.9928 0.9925 0.9930 0.9928 0.9928

cpr 0.4 0.9730 0.9724 0.9722 0.9730 0.9724 0.9724

0.6 0.9423 0.9413 0.9410 0.9423 0.9414 0.9413

0.8 0.9040 0.9029 0.9027 0.9040 0.9030 0.9029

1.0 0.U12 0.8605 0.8606 0.8613 0.8607 0.8607

* results obtained by using the linear ell111111lt

+ 'RaJu Ind Rao [38] obtAfned using alt· 1000
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Table 6. Ratio of the nonlinear period to linear period of isotropic (If = 0.3) simply supported and clamped
plates for various values or the taper parametert a and amplitude-to-thickness ratio. cIt.

s111P1,·SlIpportid cll1lp1d

• CIt 2 4 • 2 4 6
.,....ts .'_ntl .'_nts .'_nb .1-.nts .'_nts

0.2 0.1714 0.9714 0.9711 0.9919 0.9917 0.9919

0.4 0.'995 0.8995 0.8989 0.9689 0.9685 0.9685

0.1 0.6 0.8111 0.8113 0.8113 0.9341 0.9335 0.9336

0.8 0.7256 0.7251 0.7249 0.8912 0.8110 0.8tll

1.0 0.1495 0.1490 0.6485 0.8441 0.8451 0.8452

0.2 0.1634 0.1633 0.9636 0.9886 0._ 0._

0.4 0.8714 0.8751 0.8754 0.9567 0.lIS75 0.lIS76

0.3 0.6 0.7764 0.7755 0.7756 0.9100 0.1120 0.9121

0.8 0.6848 0.6840 0.6841 0.8552 0.8593 0.8514

1.0 0.6074 0.6065 0.6065 0.7977 0.8045 0.8048

0.2 0.9513 O.lIS05 0.lIS15 0.9823 0.9833 0.1833

0.4 0.8442 0.8425 0.8436 0.9347 0.9382 0.9386

0.5 0.6 0.7320 0.7304 0.7311 0.8694 0.8766 0.8774

0.8 0.6367 0.6352 0.6359 0.7987 0.8014 0.8108

1.0 0.5613 0.5585 0.5589 0.7299 0.7439 0.7459

y " E2/E1

-0- 0 " -.5, y

-·0·· 0 " 0.5, y "
-e- o " 0, y "
-D- o " -.3, y "
'-0-- 0 " 0.3, y "
-0- 0 "-.- 0 "-- 0 " -.1, y "

--.-. 0 " 0.1, y " 1

0.4
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0.2 0.4 0.6 0.8 1.0 cIt

Fia. 9. Variation of TNJTL with respect to the amplitude.to·thickness ratio of variable thickness clamped
plate.
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Fig. 10. Variation of TNJTL with the amplitude·to4bickness ratio of free clamped variable thickness
plates.

general Reissner plate equations as well as the von Karman plate equations for variable­
thickness annular plates. Stresses and deformation results are presented showing the effects of
radius-to-thickness ratio, inner radius-to-outer radius, nonlinearity, orthotropy and thickness
profile. Free vibration analysis was performed and results of the ratio of nonlinear period to
linear period are presented. The present finite element results are found to be in good
agreement with available exact and approximate analytical solutions. Extension of the present
study to transient analysis and unsymmetric bending is awaiting.
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